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$\Omega$ $R^{n},$ $n=1,2,3$ $\Gamma=\partial\Omega$ $Q=$
$(0, T)\cross\Omega$ $\Sigma=(0, T)\cross \mathrm{r}$ Klein-Gordon $(\mathrm{K}\mathrm{G})$
:
$\{$
$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\triangle y+\delta|y|^{\gamma}y=Bu(t, X)$ in $Q$ ,
$y=0$ on $\Sigma$ ,
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$z(u)$
$z(u)=cy(u)\in \mathcal{M}$ ,
$\mathcal{M}$ $z$ Hilbert , $C$ $\mathcal{M}$
2
$J(u)=||c_{y}(u)-Z_{d}||_{\mathcal{M}}^{2}+(Nu, u)_{\mathcal{U}}$ for $u\in$
.
$\mathcal{U}_{ad}$









$\Omega$ $R^{n}$ $\Gamma=\partial\Omega$ $Q=(\mathrm{O}, T)\cross\Omega$
$\Sigma=(0, T)\mathrm{x}\Gamma$ Klein-Gordon equation
$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\triangle y+\delta|y|^{\gamma}y=f$ in Q. (3.1)
$\alpha,$
$\beta,$ $\gamma>0,$ $\delta\in \mathrm{R}$ $\triangle$ $f$
Dirichlet
$y=0$ on $\Sigma$ (3.2)
$y(\mathrm{O}, x)=y_{0}(x)$ in $\Omega$ , $\frac{\partial y}{\partial t}(0, x)=y_{1}(x)$ in $\Omega$ (3.3)
2 $H$ $V$ $H=L^{2}(\dot{\Omega})$ $V=H_{0}^{1}(\Omega)$
$( \psi, \phi)=\int_{\Omega}\psi(x)\psi(x)d_{X}$, $|\psi|=(\psi, \psi)1/2$ , $\forall\phi,$ $\psi\in L^{2}(\Omega)$ ,
$(( \psi, \phi))=\sum i=1n\int\Omega d\frac{\partial}{\partial x_{i}}\psi(X)\frac{\partial}{\partial x_{i}}\emptyset(_{X})x$, $||\psi||=((\psi, \psi))^{1/}2,$ $\forall\phi,$ $\psi\in H_{0^{1}(\Omega})$ .
157
(V $H$) Gelfand triple space $Varrow* H\equiv H’arrow V’$
$V’=H^{-1}(\Omega)$ $V\subset H$ $H\subset V’$ dense compact
bilinear form
$a( \phi, \varphi)=\int_{\Omega}\nabla\phi\cdot\nabla\varphi dx=((\emptyset, \varphi)),$ $\forall\phi,$
$\varphi\in H0^{1}(\Omega)$ . (3.4)
form (3.4) $H_{0}^{1}(\Omega)\mathrm{x}H_{0}^{1}(\Omega)$ coercive
$a(\emptyset, \emptyset)\geq||\phi||^{2},$ $\forall\phi\in H_{0(\Omega}^{1})$ (3.5)





$H_{0}^{1}(\Omega)‘arrow L^{q}(\Omega)$ , $\forall q<\infty$ if $n=1,2$ ; $q=6$ if $n=3$ . (3.8)
$\gamma$
$\{$
$0\leq\gamma<\infty$ when $n=1,2$ ,
$0\leq\gamma\leq 2$ when $n=3$
(3.9)
(3.9) $\phi\in H_{0}^{1}(\Omega)$ $g\circ\emptyset$ 2








$\frac{d^{2}y}{dt^{2}}+\alpha\frac{dy}{dt}+\beta Ay+\delta g(y)=f(t)$ in $(0,T)$ ,




$W(0, T)=\{g|g\in L^{2}(0, T;V), g’\in L^{2}(\mathrm{o}, \tau_{;H}), g’’\in L^{2}(0, T;V’)\}$ .
$D’(\mathrm{O}, T)$ $(0, T)$
Dautray and Lions [1] KG
Definition 1 $y$ (3.12) $y\in W(\mathrm{O}, T)$ $y$
$\langle y’’(\cdot), \emptyset\rangle V’,V+\alpha(y’(\cdot), \phi)+\beta((y(\cdot), \phi))+\delta(|y(\cdot)|\gamma y(\cdot), \phi)=(f(\cdot), \phi)$
for all $\phi\in V$ in the sense of $D’(\mathrm{o}, \tau)$ ,
$y(0)=y0$ , $\frac{dy}{dt}(0)=y1$ .
$\langle\cdot, \cdot\rangle v^{l},v$ $V$ $V’$ $y\in W(\mathrm{O}, T)$
$|y(t)|^{\gamma}y(t)\in H$ a. $e$ . $t\in[0, T]$
(3.12)
Theorem 1 $\alpha,$ $\beta>0,$ $\delta\in \mathrm{R}$ $\gamma$ (3.9) $f,$ $y_{0},$ $y_{1}$
$f\in L^{2}(0, T;H)$ , $y_{0}\in V$, $y_{1}\in H$ (3.13)
$f,$ $y0,$ $y_{1}$ $To<T$ (3.12)
1 $y$ $7\cdot V$ ( $0$ , TO)
(3.12) – Temam [6] $\delta=1$ $f\in$
$C([0, T];H)$ ( )
( 1 )
–
Lemma 1 $g$ $V$ $H$ Lipschitz
$k>0$
$|g(\psi)-g(\varphi)|\leq k(||\psi||+||\varphi||)^{\gamma}||\psi-\varphi||$ , $\forall\psi,$ $\varphi\in V$ (3.14)











Theorem 2 $\alpha,$ $\beta>0,$ $\delta\geq 0$ $\gamma$ (3.9) $f,$ $y0,$ $y_{1}$
$f\in L^{2}(0, \tau;H)$ , $y0\in V\cap L^{\gamma 2}+(\Omega)$ , $y_{1}\in H$ (3.15)
(3.12) 1 $y$ $W$ ( $\mathrm{O}$ , T).
$\beta||y(t.)||^{2}+|y’(t)|^{2}+2\delta G(y(t))$












$(\mathrm{I}\mathrm{C}\mathrm{G})$ (2.1) $(\mathrm{C}\mathrm{S})$ $B\in L(\mathcal{U}, L2(\mathrm{o}, \tau;H))$ 2
$(\mathrm{C}\mathrm{S})$ $u\in \mathcal{U}$ – $y(u)=y(u;t)\in W(\mathrm{O}, T)$
160
4$L^{2}(0, \tau_{;}V)\subset \mathcal{K}_{1}$ , $L^{2}(0, T;H)\subset \mathcal{K}_{2}$ , $V\subset \mathcal{K}_{3}$ , $H\subset \mathcal{K}_{4}$ ,
$\mathcal{M}=\mathcal{K}_{1}\cross \mathcal{K}_{2}\cross \mathcal{K}_{3}\cross \mathcal{K}_{4}$
$J(u)$ $=$ $\kappa_{1}||y(u)-zd|1|^{2}\mathcal{K}1+\kappa_{2}||y(;u)-z^{2}d||_{\mathcal{K}}^{2}2$
$+\kappa_{3}||y(u;T)-z_{d}^{32}||\mathcal{K}_{3^{+\kappa||y’()-}}4u;TZ_{d}^{4}||2\kappa_{4^{+}}(Nu, u)\mathcal{U}$ , (4.1)
$z_{d}^{i}\in \mathcal{K}_{i}$ , $i=1,2,3,4$ (42)
$N$ $\mathcal{U}$ $\kappa_{i}\geq 0$ $\sum_{i=1}^{4}\kappa_{i}>0$
Theorem 3 2
$L^{2}(0, T;V)\subset \mathcal{K}_{1}$ , $L^{2}(0, \tau;H)\subset \mathcal{K}_{2}$ , $V\subset \mathcal{K}_{1}$ , $H\subset \mathcal{K}_{2}$ ,
$N$ $\mathcal{U}_{ad}$ $(\mathrm{C}\mathrm{S})$
$J(u)$ – $u^{*}$
Proposition 1 $(\mathrm{A}\mathrm{u}\mathrm{b}\mathrm{i}\mathrm{n}- \mathrm{L}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}-\mathrm{T}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{m})x_{0},$$x,$ $X_{1}$ Banach $x_{0^{arrow\rangle}}x\sim*x_{1}\mathit{7}$
$X_{0},$ $X_{1}$ $x_{0}arrow X$
$\mathcal{Y}$
$\mathcal{Y}=\{\gamma|\gamma\in L^{\alpha_{0}}(\mathrm{o}, \tau;A\mathrm{v}_{0}), \gamma’\in L^{\alpha_{1}}(0, T;^{x_{1}})\}$
$\alpha 0,$ $\alpha_{1}>1$ $\mathcal{Y}$ $L^{\alpha_{0}}(\mathrm{o}, \tau;X)$
5
$u^{*}$
$DJ(u^{*})(u-u^{*})\geq 0$ for all $u\in l\mathit{4}_{ad}$ (5.1)
adjoint state system
$J$ Gateaux $uarrow y(u)$ : $\mathcal{U}arrow W(\mathrm{O}, T)$ Gateaux
$|y|^{\gamma}y$ Gateaux
161
Theorem 4Theorem 3 $uarrow y(u)$ : $\mathcal{U}arrow \mathrm{T}^{\ovalbox{\tt\small REJECT}}V(0, T)$ | Gateaux
$u^{*}\in \mathcal{U}$ $u^{0}\in \mathcal{U}$ $y(u)$ $u=u^{*}$
$u^{0}\in \mathcal{U}$ Gateaux $z=Dy(u^{*})u^{0}$
$\{$
$\frac{\partial^{2}z}{\partial t^{2}}+\alpha\frac{\partial z}{\partial t}-\beta\triangle Z+(\gamma+1)\delta|y(u;t)*|\gamma_{Z}=Bu0$ in $Q$ ,
$z=0$ on $\Sigma$ ,




$\mathcal{M}=\mathcal{K}_{1}=L^{2}(Q)=L^{2}(0, T;H)$ $J(u)$ (
$J(u)= \kappa\int_{0}^{T}|y(u;t)-zd(t)|2dt+(Nu, u)_{\mathcal{U}}$ $\forall u\in \mathcal{U}$ , (5.2)
$z_{d}=(z_{d}^{12}, z_{d})\in L^{2}(Q)^{2}$
Theorem 4
Theorem 5 (5.2) $u^{*}$
$|y(u^{*} \cdot,\mathrm{o},x)=y\in \mathfrak{s}V(\mathrm{o},T)\frac{\partial^{2}y}{y=\partial t^{2}}\mathrm{o}\mathrm{o}\mathrm{n}\Sigma+\alpha\frac{\partial y}{\partial t}-,’ \mathrm{o},\frac{\partial y}{\partial t}(u^{*},\mathrm{o}, x)=0\mathrm{i}\mathrm{n}\Omega\beta\Delta y+\delta|.y|^{\gamma}y=Bu\mathrm{i}*\mathrm{n},Q$
,
$\{$
$\frac{\partial^{2}p}{\partial t^{2}}-\alpha\frac{\partial p}{\partial t}-\beta\triangle p+(\gamma+1)\delta|y(u^{*}; t)|\gamma p=$
. $\kappa(y(u*)-z_{d})$ in $Q$ ,
$p=0$ on $\Sigma$ ,
$p(T, X)= \frac{\partial p}{\partial t}(T, x)=0$ in $\Omega$ ,
$p\in W(0, \tau)$ ,
$(Nu^{*}, u-u^{*}) \mathcal{U}+\int_{Q}(p(u^{*}; t, x))B(u-u)*(t, x)dxdt\geq 0$ , $\forall u\in \mathcal{U}_{ad}$ .
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52 $y’(u_{\mathit{1}}^{\backslash }$
$\iota \mathcal{M}=\mathcal{K}_{2}=L^{2}(Q)=L^{2}(0, T;H)$ $|\backslash J(u)$
$J(u)= \kappa\int_{0}^{T}|y’(u;t)-z_{d()}t|2dt+(Nu, u)_{\mathcal{U}}$ $\forall u\in \mathcal{U}$ , (5.3)
$z_{d}\in L^{2}(Q)$
Theorem 6 (5.3) $u^{*}$
$\{$
$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\triangle y+\delta|y|^{\gamma}y=Bu*$ in $Q$ ,
$y=0$ on $\Sigma$ ,
$y(u^{*}; 0, x)=0$ , $\frac{\partial y}{\partial l}(u^{*};0, X)=0$ in $\Omega$ ,
$y\in \mathrm{T}V(\mathrm{o},\tau)$ ,
$\{$
$\frac{\partial^{2}p}{\partial t^{2}}-\alpha\frac{\partial p}{\partial t}-\beta\Delta p+(\gamma+1)\delta\int_{0}^{t}|y(u;\mathrm{s})*.|\gamma(p’s)d_{\mathit{8}}=\kappa(\frac{\partial}{\partial t}y(u^{*})-z_{d})$ in $Q$ ,
$p=0$ on $\Sigma$ ,
$p(T, x)= \frac{\partial p}{\partial t}(T, x)=0$ in $\Omega$ ,
$p\in W(0, \tau)$ ,
$(Nu^{*}, u-u^{*})_{\mathcal{U}}+ \int_{Q}(-\frac{\partial p}{\partial t}(\eta-b;t*, X))B(u-u)*(t, X)d_{X}dt\geq 0,$ $\forall u\in \mathcal{U}_{ad}$ .
53 $y(v)$
$\mathcal{M}=\mathcal{K}_{3}=L^{2}(\Omega)=H$ $J(u)$
$J(u)=\kappa|y(u;^{\tau})-zd|^{2}+(Nu, u)_{\mathcal{U}}$ $\forall u\in \mathcal{U}$ (5.4)
$z_{d}\in L^{2}(\Omega)$
Theorem 7 (5.4) $u$
$\frac{\partial^{2}\tau/}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\Delta y+\delta|y|^{\gamma}y=Bu*$ in $Q$ ,
$y=0$ on $\Sigma$ ,




$\frac{\partial^{2}p}{\partial t^{2}}-\alpha\frac{\partial p}{\partial t}-\beta\Delta p+(\gamma+1)\delta|y(u^{*}; t)|^{\gamma}p=0$ in $Q$ ,
$p=0$ on $\Sigma$ ,
$p(T, x)=0$, $\frac{\partial p}{\partial t}(T, X)=\kappa(y(u^{*}; \tau)-z_{d})$ in $\Omega$ ,
$p\in W(0, \tau)$ ,
$(Nu^{*}, u-u^{*})u+ \int_{Q}(p(u^{*}; t, x))B(u-u)*(t, x)dXdt\geq 0,$ $\forall u\in \mathcal{U}_{ad}$ .
54 $y’(v)$
$\mathcal{M}=\mathcal{K}_{4}=L^{2}(\Omega)=H$ $J(u)$




$y’(u^{*}; \tau)-Zd\in V$. (5.6)
$|\sim J(u)$ $u^{*}$
$\{$
$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\Delta y+\delta|y|^{\gamma}y=Bu*$ in $Q$ ,
$y=0$ on $\Sigma$ ,
$y(u^{*}; 0, x)=0$ , $\frac{\partial y}{\partial t}(u^{*}; 0, X)=0$ in $\Omega$ ,
$y\in W(0,\tau)$ ,
$\{$
$\frac{\partial^{2}p}{\partial t^{2}}-\alpha\frac{\partial p}{\partial t}-\beta\triangle p+(\gamma+1)\delta|y(u^{*}; t)|^{\gamma}p=0$ in $Q$ ,
$p=0$ on $\Sigma$ ,
$p(T,x)= \kappa(\frac{\partial}{\partial t}y(u^{*}; \tau)-Z_{d})$ in $\Omega$ ,
$\frac{\partial p}{\partial t}(T, X)=\kappa\alpha(\frac{\partial}{\partial t}y(u^{*}; \tau)-Z_{d})$ in $\Omega$ ,
$p\in W(0, \tau)$ ,
$(Nu^{*}, u-u^{*})_{u+} \int_{Q}(p(u^{*}; t,x))B(u-u)*(t, x)dxdt\geq 0,$ $\forall u\in \mathcal{U}_{ad}$ .
Lions and Magenes [4] (Method of Transposition)






$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\triangle y+\delta|y|^{\gamma}y=Bu*$ in $Q$ ,
$y=0$ on $\Sigma$ ,
$y(u^{*}; 0, X)=0$ , $\frac{\partial y}{\partial t}(u^{*}; 0, x)=0$ in $\Omega$ ,




$\forall\phi\in W(\mathrm{O}, T)$ such that
$\frac{\partial^{2}\phi}{\partial t^{2}}+\alpha\frac{\partial\phi}{\partial t}-\beta\Delta\phi+(\gamma+1)\delta|y(u*)|^{\gamma})\emptyset\in L^{2}(0, \tau;H)$ ,
$\phi=0$ on $\Sigma$ , $\phi(0, X)=\frac{\partial\phi}{\partial t}(0, x)=0$ in $\Omega$ ,
$(Nu^{*}, u-u^{*})_{l\mathit{4}}+ \int_{Q}(p(u;*t, x))B(u-u^{*})(t, X)d_{Xdt}\geq 0$, $\forall u\in \mathcal{U}_{ad}$ .
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